Abstract: Stochastic integro-differential equations are obtained when we consider prices jump in financial modelling.
Introduction
Actually, a call (put) option gives the owner the right, but not the obligation, to buy (sell) an underlying asset at a specified strike price and on a specified date. The price indicated in the contract is called "exercise price" or "strike price" and the date is called "the maturity date of the option" or "expiration date".
There are two styles of options (call or put), i.e. European and American. The European option can be exercised only at the expiration date while an American option can be exercised on or at any time before the expiration date.
An option has different significances some of which are as follows:
1. With regard to a call option, there is a joint stock request with an investment which is less than what is needed for the stock itself.
Fischer Black, Myron Scholes, and Robert Merton proposed the Black-Scholes model in 1970. This model was revolutionary in its impact on pricing financial derivatives whose underlying asset was a stock. Then it was possible to price financial derivatives by using the closed-form solution. This model had a great impact on the pricing method and hedging option risk. Moreover, it played a significant role in achieving financial engineering success in the 1980s and 1990s.
The assumptions of the model above are as follows:
1. The stock price satisfies ds s = µdt + σdz , where z is a stochastic variable (Brownian motion). µ and σ are constants. µ is the expected return of the stock and σ is the stock volatility.
2. Securities are sold in the short-term, and the revenue is completely gained.
3. No transaction costs. 4 . No dividend paid.
5. There are no risk-free arbitrage opportunities.
6. The securities trading is continuous.
7. The risk-free interest rate r is constant, and it is the same for all maturities.
This model was formulated as follows:
where v(x, t) is the option price with the underlying asset x in time t . T is the maturity date, r is the rate of return and σ is the underlying asset velocity. Empirical evidences show that the assumptions of the Black-Scholes model are in contradiction with market realities. Therefore, the generalized model assumptions have been used in many cases. In order to make the Black-Scholes model more suitable for the market, some of its limitations have been omitted, and it was generalized. However, this model is nowadays only used as the basic one to define other models. For example, the stochastic volatility model [1, 2] was formulated by deleting the assumption (1), transaction cost model [3, 4] was formulated by deleting the assumption (3), the stochastic interest rate model [5] was formulated by deleting the assumption (7), and fractional Black-Scholes model [6] [7] [8] was formulated by substituting Brownian motion by fractional Brownian motion, and by deleting the assumption (2). Moreover, considering prices jump in the market, Merton proposed the Black-Scholes equation under jump-diffusion model [9] . Therefore, the differential equation (1.1) turned into the integrodifferential equation. Generally, obtaining the analytical solution of the required integro-differential equation seems to be difficult or impossible, so different numerical approximations to the solution of such equations have been proposed. For instance, Briani et al. [10] used the explicit finite difference method for the abovementioned Black-Scholes integro-differential equation. Cont and Voltchkova [11] proposed an explicit-implicit finite difference method using the notion of viscosity solution. Matache et al. [12] used discontinuous Galerkin method in time and discrete wavelet-Galerkin method in place. Furthermore, Matache et al. [13] solved a partial integro-differential equation (PIDE) using θ -method in time and a discrete wavelet in place. Working on numerical solutions of differential equations [14] and generalized Black-Scholes differential equations is still an interesting area for researches. For example, Patel and Mehra [15] proposed a compact finite difference method for pricing European and American options under jump-diffusion models. Also, Rambeerich and Pantelous [16] solved a system of PIDEs using Lagrange finite element techniques. For more information, we refer the reader to [17] [18] [19] .
In this paper, we have used the so-called Tau method to introduce a new method for solving a matrix solution for the Black-Scholes equation with jump.
Black-Scholes equation with jump
We want to obtain a numerical solution for the following equation:
With change of variables as follows:
. Hence, the equation (2.1) can be written as
If we define
then we have
Tau method
In [20] , it was proposed that the Tau method is based on three simple matrices:
In [21] , the two-dimensional linear Fredholm integral equations of the second kind by using the operational Tau method is formulated as:
Clearly, the partial integro-differential equation (2.7) has two variables, namely t and x . We will apply the two-dimensional Tau method to determine v(x, t) . The solution of (2.7) will be as follows:
, C , and T − are as the above, then:
Proof Proof is clear. 2
Theorem 3.3 If we apply the Tau method on the Black-Scholes integro-differential equation, then we will obtain the following Sylvester equation:
Proof By using (a), (b), (c), and (d) from Lemma 3.2 in (2.7), we obtain:
Since X − and T − are bases, we have:
and (aη
We define
Now, g(x) must be approximated by a polynomial of suitable degree. Therefore, we approximate g(x) by the Taylor polynomial. Thus,
and
We define T 2 and G 2 matrices as follows:
By combining (2.5) and (2.6), we obtain:
We define η = η − T 2 ; thus, 8) and the proof is completed. 2
By solving the Sylvester equation (3.8), we obtain v(x, t) from (2.4).
is the solution of (2.7).
Tau method with Hermite base
Since we are using the Gaussian random variable, according to [22] , by using Hermite polynomials basis in the Tau method, we obtain option pricing under jump-diffusion models. Hermite polynomials of order n are defined by
These polynomials have many properties including: 
b. By using property (c), and similar to (a). 
Proof By the property (a), the proof is clear. 2
Lemma 4.3
If U and η are defined as before, then U η = 2ηU.
Proof We have
2) on the other hand,
by equating (4.2) and (4.3), we obtain 2ηU = U η. 2
Lemma 4.4 If v(x, t)
where
o.w.
Proof By Lemmas 3.2 and 4.3, it is clear. 2
By applying the Tau method with Hermite basis on the Black-Scholes integro-differential equation, we will obtain the following Sylvester equation
Convergence analysis
In this section, we analyze the estimating error of the Tau method for the integro-differential equations. Let us first introduce some notations. We set Λ = R and ∂
Suppose N, r be any positive and nonnegative integer, respectively.
where w(x) is a weight function and where m ≥ 0 is any real number [23] . We first present some inequalities which will be used later.
Lemma 5.1 [24] For any φ ∈ P N ,
Lemma 5.2 [24] For any
v ∈ H 2 ω (Λ), ∥xv∥ ω ≤ ∥v∥ 1,ω .
Lemma 5.3 [24] For any φ ∈ H N and nonnegative integer m ,
The lemma above can be extended to noninteger cases, indeed:
Lemma 5.4 [24] For any φ ∈ H N and r ≥ 0 , we have:
We are now in a position to introduce several orthogonal projection operators. The L 2 (Λ)-orthogonal projection
or equivalently,
In order to obtain an optimal error estimation in the Tau method, we need the
(5.1)
Lemma 5.5 For any x, y,
We can also easily prove the following lemma.
Lemma 5.6 If
Theorem 5.7 [24] For any v ∈ H r ω (Λ) and r ≥ 0,
We first consider an estimation error for the following equation [25] . 
We next give an error estimate of the scheme (5.2). Assume that the exact solution v(x) is smooth enough.
According to (5.1), we know (∂ 2 x η, φ) = 0 for all φ ∈ P N −2 . We take φ = e , from the above lemma and theorem we get
Now we want to analyze the estimating error for the follow integro-differential equations.
Theorem 5.8 Let v and v N be the exact and approximation solutions to (5.5) , respectively. For all r ≥ 2,
Proof We have .5) and (5.7), for φ = e we conclude that
+a(∂ 
(5.8)
By using Lemmas 5.1-5.6, we have
By integrating the inequalities, we find that
(5.10)
Now by applying the mean value theorem for integrals, we have
2 By the above theorem, we conclude that for any fixed t, ∥e∥ → 0 when N goes to infinity.
Numerical examples
The numerical experiments performed in this chapter are related to the option pricing problems described in previous sections. 
The experiments have been performed on an Intel Core 1.7 GHz i5 Computer. We use "lyap"function in MATLAB for the numerical solution of Sylvester equations. We have used an example of [10] . Formula parameters are given in Table 1 . Figure 1a shows convergence of the Tau method for this example.
In [22] . Parameters of the corresponding formula are given in Table 4 . In Table 5 , we have the results for the Tau method with an ordinary base. Figure 1b shows convergence of the Tau method for this example.
Example 6.3
We also show the convergence behavior of equation (6.1) for the parameters of Tables 6 and 7 in the Figures 1c and 1d, that the Tau method is efficient in both accuracy and CPU time. Also, we can apply the method used in this paper to various problems arising in finance.
